Axiom 2. There exist n fixed elements of L, denoted 0 = e0, ei, • • • , en-i, en-i = u with the properties: 2a. The elements form a chain, with e,-_i^e,-for 1 ^i^n -1.
2b. If xGL and xei=0, then x = 0.
2c. If xGL and, for some i, x\/e.-i=e.-, then x = e,-.
Axiom 3. For every xGL, x= V?r0X «»C,(x); that is, x = aCi(x) V e2d(x) V • ■ ■ V e"-2C"_2(x) V Cn-i(x).
It will be shown in §6 that L is a Post algebra and, conversely, every Post algebra is such a lattice. The remaining work in this section is an exposition of fundamental consequences. 
x^Cn-i(x).
Since x^C"_i(x) by Axiom 3, it follows that x = C"_i(x).
Lemma 3. If bGB and bet = bej for some i and j with i<j, then 6 = 0.
Proof. Using Axiom 2a, ej = efb\/efb = efb\/eib^efb\Jei%.ej, so that oef\Jei = ej. Hence lej = ej by Lemma 2. Thus bej = b(lef) =0, and, by Lemma 1, 6 = 0. Theorem 
(Uniqueness Theorem).
The C,(x) are unique. That is, for any given xGL, there is only one sequence of elements C0(x), Ci(x), • • • , C"_i(x) satisfying Axiom 1 and Axiom 3.
Proof. Suppose there is another such sequence, say Co'(x), Ci'(x), • • • , C"'_i(x). By Axiom 3, TtZl ekCk(x) = VJlJ etCk'(x). Thus if i 9* j, then Ci(x)C<(x)TtZlekCk(x) = Ci(x)Cj(x)VlZletC£(x), and, by Axiom 1,  eid(x)Cj (x)=ejCi(x)C'j (x). Since Ci(x)Cj (x)G-B, Lemma 3 shows that [May dix)Cj ix) =0. The result now follows from Axiom 1, for using the fact that u=TtZ10 Ckix), lor every j, C/ (x) = Cj (x) V^J C*(x), and C/(x) = C/(x)Cy(x).
Likewise u = VJZJ Cf ix), so that C,-(x) = C,(x) V^=5 Cf ix) = C3(x)C/ (x). Therefore Cy(x) = CJ ix) tor each/, and the proof is complete. Proof. This follows from Theorem 1. 
For brevity, let c< = 6j(A"ri1+1 8,-), 0<i<n -1, and set c"_i = 6"_i. Then
Since the w elements AjTi 8,-, Ci, • • • , cn-i are pairwise disjoint and their supremum is u, the uniqueness theorem yields the final result.
The following definition and consequent theorems are preliminary to the work of §7. They are also used to give simple proofs of Theorem 10 and Theorem 12. bi=Di(x), where x = VjTi1 e,-6,-.
Proof. Using Theorem 6, Dk(x) = T,ll Cy(x) = V£i &y = 6*. Proof. Since {Pn-t(*)}-^ {Pn-y(x)}~£P for all i and j in the range ISiSjSn -1, Theorem 7 yields
This shows that (5) fiifiix)) = x, and it follows from Theorem 9 that x Sy if and only if /3(x) <zfiiy). Hence the dual lattice L' is isomorphic with the lattice P, and in particular P' is a distributive lattice satisfying Axioms 1,2, and 3.
Since {P"_,(x)}-= VyTo"1 Cy(x) and
Hence e/=/3(e.) =e"_,-_i by Theorem 4, and (1) Thus (6) yields /3(o) = 5. Note also that the set of complemented elements of P' is identical with the set B of complemented elements of P. Now fiidix)) = Ciifiix)) by the isomorphism, so that C/(x) =/3(Ci(/3(x))) = { C,(/3(x))}-= {C"_,--i(x)}-for 7 = 0, 1, • • • , 77 -1, and (2) is proven. Similarly, using (4), Diix)=fiiDiifiix))) = {DiiBix))}-=Dn-iix), and this completes the proof.
Since /3(xVy) =/3(x)/3(y) and fiixy) =fiix)\ffi(y), it is now easy to obtain the dual form of Axiom 3. In particular, x=/3(/?(x)) =^(V"Z} ejC"_,-_i(x)), so that License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Theorem 11. For each i = l, 2, • • • , n -1 and for every xGL and yGL, Di(xy)=Di(x)Di(y).
Proof. This is an easy consequence of Theorem 8 and the duality theorem.
Specifically, for each i=l, 2, ■ ■ • , n -1, by Theorem 8, P"_,(j8(x)V^(y))
that by (4) of Theorem 10, {P.-(xy) }"= (P,-(x) }~V |P,(y)}", and so P,(xy) = Di(x)Di(y). (
Proof. These identities are obtained easily through the use of the preceding theorems. Specifically,
A more general form of this theorem is given by Theorem 25 in §7. 4. Post functions. The reduction of a Post function to a given form may well be a ponderous chore. It should be noted that the work of this section on canonical expansions and simplifications of Post functions is of an extremely facile nature. (1) distinct fundaments are disjoint, and (2) the supremum of all the fundaments is u; in fact, the infimum of two distinct fundaments must include an infimum of the form C,-(xy)C*(xy) =0, where i^k for some/, and
It follows from (2) that the theorem is true for the constant functions Eit and using Axiom 3, for the identity functions lj. It is clear that if / and g satisfy the theorem, then/Vg satisfies the theorem. Using (1), it is also clear that/g satisfies the theorem. The infimum of all the dual fundaments is 0, and the supremum of two distinct dual fundaments is u-these properties following from the duality theorem applied to (1) and (2) of Theorem 13.
The canonical forms provide a starting point for the simplification of Post functions. The simplification of such functions is greatly aided by contemporary work on the analogous problem in Boolean algebra. In particular, methods described by W. V. Quine [8] all be easily modified to apply to the more general case of simplification of the lattice theoretic Post functions defined above.
The simplification and manipulation of these functions is further eased by the fact that the fundaments and dual fundaments are composed of elements belonging to the Boolean algebra B. Such elements are therefore subject to familiar identities. As a specific illustration, consider the case n = 3 and the simplifications of the function In Boolean algebra the above methods achieve varying degrees of success, and their relative merits in Post algebra are approximately the same. M{x,y) = x + y + x2-y + 2-x-y + x2-y2 + x-y2, mix, y) = 2-x2-y + x-y + 2-x2-y2 + 2-x-y2, where the operations involved are the ring operations of addition and multiplication.
It is now a straightforward task to show that if n=p, then R forms a lattice P, where x\/y = Mix, y),xy = mix,y), e{ = i and Ciix) = JJ[y^"_,-(x+/), i = 0, 1, • -• , p -1, the lattice theoretic functions on the left being given in terms of the ring theoretic functions on the right.
Another important example is that of a lattice of 77-valued functions which assume the values 0, 1, • • • , 77 -1 on a set S, ordered in the usual way, and containing the 77 constant functions e,-of value i and for each / the 77 functions C(/), i = 0, ■ • • , n -l, where C,(/) is that function which has the value 77 -1 on those points of 5 where/ has the value i, and the value 0 on the other points of S. It is easily verified that Axioms 1, 2, and 3 are satisfied.
The figure on the following page is a Hasse diagram of the free 3-ring with one generator. The points are identified according to the ordering noted above. It is clear that this is also the lattice of all 3-valued functions on a three point set. The eight darkened points in the diagram are the points of B.
6. Representation theory. The work of this section shows, among other things, that the lattice P is equivalent to a Post algebra of order 77. This equivalence can of course be proved by tedious calculations which do not make use of the representation theorems. Definition 4. If B is represented as a Boolean algebra of subsets of a set S, where the image olbEB is given by X(o) C^, then an n-valued P-measurable function on S is an 77-valued function on 5 with the property that for each i = 0, 1, • • • , 77 -I there exists bfEB such that/_1(7*) =X(&i).
Theorem
15. If B is represented as a Boolean algebra of a certain class of subsets of a set S, then L is isomorphic with the set of all n-valued B-measurable functions on S.
Proof. If the image of bEB is given hy\ib)ES, then for x£P, let x correspond to the function/ such that/=i on X(C,(x)) for each 7 = 0, 1, ■ • • , 77 -I. This correspondence is one-to-one, for if x^y, then C<(x) ?■*C<(y) for some i, and X(G\(x)) ^X(C<(y)). Now let/ be the function corresponding to x£P and let g he the function corresponding to yEL. Suppose iSj and PE^iCiix)), P£X(Cy(y)). Then PGX(Cy(y)C,(x)), and therefore PGX(Cy(xVy)) by Theorem 12. Hence x\/y corresponds to/Vg = max(/(P), g(P)) for each PES.
Finally, the correspondence is onto the set of all 77-valued P-measurable functions on S. Theorem 16. Phe lattice L is isomorphic with the set of all continuous nvalued functions on a totally disconnected compact Hausdorff space.
Proof. This follows from the preceding theorem. It is known that B can be represented as the algebra of open and closed sets in its representation space, and in this case the re-valued P-measurable functions are exactly the continuous re-valued functions.
In particular, gj corresponds to the constant function of value i, i = 0, 1, • • • , 77-1, and, if x corresponds to/, then C.-(x) corresponds to the function C,(/) which has the value 77 -1 on those points of .S for which f = i, and has the value 0 on the other points of 5. This, together with the latter example of the preceding section, leads to the following theorem.
Theorem 17. The lattice L is a Post algebra of order n, and any Post algebra of order n is such a lattice.
Proof. P. C. Rosenbloom [9] based his axiom system for Post algebras on the operation of "prime," which is defined for 77-valued functions on a set S as follows. If/ is such a function, then/(/) is that function which, if/ has the value i at PES, has the value 7+1 at P if 7 = 0, 1, • • • , 77 -2, and has the value 0 if / has the value 77 -1 at P. The lattice of functions described in the example of the preceding section is clearly closed under the operation of prime, since where /«> is defined inductively by/(j'+1) = (/0))(/).
Since P. C. Rosenbloom [9] and L. I. Wade [12] have shown that Rosenbloom's axioms for Post algebras of order n describe lattices of 77-valued functions closed under prime, the stated equivalence then follows.
Hence results obtained so far are equally valid for Post algebras of order 77. Thus, in particular, Theorem 15 led to the representation of Post algebras given by Theorem 16. The following theorem gives a further result along these lines.
18. The lattice L is complete and atomistic if and only if L is isomorphic with the set of all n-valued functions on a set S.
Proof. It is clear from Theorem 16 that the set E of elements less than or equal to ei is isomorphic with B under the correspondence b->eib. If P is complete and atomistic, then E is complete and atomistic, and hence is isomorphic with the class of all subsets of the set of all atoms of P. Hence B is isomorphic with the class of all subsets of a set 5, every re-valued function on 5 is P-measurable, and the result follows by Theorem 15. The converse is obvious.
In what follows, all prime ideals are nonzero and proper.
19. Every maximal chain of properly ascending prime ideals in L consists of exactly n -1 prime ideals, and every prime ideal is a member of exactly one such chain.
Proof. The proof of Kaplansky's Theorem [3] shows that every prime ideal of the representation space given by Theorem 16 is associated with exactly one point of the representation space. That is, if 5 denotes now the totally disconnected compact Hausdorff space, P is a prime ideal of L, and / and g are continuous re-valued functions on S, then there exists exactly one point pGS with the property that if / is a member of P and if g^f in some neighborhood Np of p, then g is also a member of P. However g^f at p ii and only if gSf in some neighborhood Np, for if g(p)=i and f(p) =j, let it is straightforward to verify that WfcGfiyeSt+i (Ppd+D ~ Ppi)-Hence fW (PPwp)+i)-PPi(P))^0 tor any i(p).
The theorem itself now follows, for it is easy to verify, using (1) Proof. If 6 = Vfl;,e/ 6,-exists let yGL and y^6,-for all iGP Then Cn-i(y) Cn_i(6,) =bf for all iGI by Theorem 9 and the Corollary of Theorem 3. Hence Cn-i(y)^b, and y ^ C"_i(y) ^6. Proof. If P is complete then B is complete by Theorem 21. If B is complete then P is complete by Theorem 22.
The infinite distributive law y V.er x*= V.er yx,-is valid in any Boolean algebra whenever V,-e/ x,-exists. This law is also valid in any complete pseudocomplemented lattice. Hence, by Theorem 5, this law (and its dual) is valid in P whenever P is complete. That is, if the Post algebra P is complete, then P is a topological lattice [l, p. 146] . However the next theorem shows that this infinite distributivity law holds in any Post algebra L. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
